A b s t r ac t . We prove that any compact complex manifold with finite fundamental group and algebraic dimension zero admits no holomorphic affine connection or holomorphic conformal structure.
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I n t ro d u c t i o n
We conjecture that any compact complex manifold of finite fundamental group with a holomorphic Cartan geometry is isomorphic to the model of its Cartan geometry, a homogeneous bundle of complex tori over a rational homogeneous variety. Roughly, the dynamics of the fundamental group on the universal cover form the essential ingredient in the classification of holomorphic Cartan geometries, so trivial dynamics gives a trivial geometry. As a first step, we try to study this question in the extreme case of manifolds of algebraic dimension zero, where there are few tools available from algebraic geometry.
A holomorphic affine connection is a holomorphic connection on the holomorphic tangent bundle of a complex manifold. A compact Kähler manifold admits a holomorphic affine connection just when it has a finite holomorphic unramified covering by a complex torus [12] . In this case the holomorphic affine connection pulls back to the complex torus to a translation invariant affine connection.
Nevertheless, some interesting compact complex manifolds which are not Kähler admit holomorphic affine connections. Think, for example, of the Hopf manifold associated to a linear contraction of complex Euclidean space. Also the parallelizable manifolds G/Γ associated to a complex Lie group G and a lattice Γ ⊂ G admit holomorphic affine connections. In [11] Ghys constructs exotic deformations of quotients SL(2, C)/Γ which are nonparallelizable complex manifolds admitting holomorphic affine connections. Moreover Ghys' quotients do not admit nonconstant meromorphic functions.
Our conjecture predicts that holomorphic affine connections do not exist on compact complex manifolds of finite fundamental group. We prove this here under the additional hypothesis that our manifold's meromorphic functions are constant.
N o tat i o n a n d m a i n r e s u lt
The algebraic dimension of a complex manifold M is the transcendence degree of the field of meromorphic functions of M over the field of complex numbers. A compact complex manifold M has algebraic dimension zero just when every meromorphic function on M is constant.
Theorem 1. No compact complex manifold with finite fundamental group and algebraic dimension zero admits a holomorphic affine connection.
The main theorem will be proved in section 4. The principal ingredient of the proof is the following result which might be of independent interest.
Theorem 2. If a complex abelian Lie algebra acts holomorphically on a complex manifold M with a dense open orbit preserving a holomorphic affine connection, then it also preserves a flat torsion-free holomorphic affine connection.
The same proof yields the obvious analogue of Theorem 2 in the real analytic category, but the smooth category remains a mystery. The more general result, for Lie algebras which might not be abelian, is not true in higher dimension: the canonical action of SL(2, C) on SL(2, C)/Γ preserves the standard connection for which the right-invariant vector fields are parallel, but there are no torsion-free flat affine connections on SL(2, C)/Γ [7] . Nevertheless, we conjecture that a finite dimensional complex Lie algebra acting holomorphically with a dense open orbit and preserving a holomorphic affine connection always preserves a locally homogeneous holomorphic affine connection. In the real analytic category and for surfaces this result was proved in [10].
H o l o m o r p h i c g e o m e t ry i n a l g e b r a i c d i m e n s i o n z e ro
Holomorphic affine connections are geometric structures which are rigid in Gromov's sense; see the nice expository survey [5] for the precise definition. Roughly speaking this comes from the fact that local biholomorphisms fixing a point and preserving a connection linearize in exponential coordinates, so they are completely determined by their differential at the fixed point. More generally, the local biholomorphisms preserving a rigid geometric structure are completely determined by a finite jet [5] . Other examples of holomorphic rigid geometric structures are holomorphic Riemannian metrics and holomorphic conformal structures. They will be defined in section 5.
In this section we will use the result obtained by the first author in [9] (see Corollary 2.2 on page 35) asserting that on complex manifolds with algebraic dimension zero, rigid meromorphic geometric structures are locally homogeneous away from a nowhere dense analytic subset (see also [6] ). This means that the set of local holomorphic vector fields preserving a rigid meromorphic geometric structure is transitive away from a nowhere dense analytic subset.
The same result was also proved to be true for holomorphic Cartan connections in [8] . In particular, the result applies to holomorphic affine connections on manifolds with algebraic dimension zero. Here we give a more precise result.
A toroidal structure, or toroidal action, on a complex manifold M of complex dimension n . . = dim C M is a holomorphic group action of the toroidal group (C * ) n on M with a dense open orbit.
Example 1. We thank Misha Verbitsky for suggesting to us the following simple example of toroidal simply connected compact manifolds of algebraic dimension zero. This example is constructed by deformation of the standard complex structure on a simply connected Calabi-Eckmann manifold and it is a very particular case of the family of moment-angle manifolds constructed in [20, 21] as a generalization of the LMVB manifolds. Recall that the LMVB manifolds, constructed and studied by Lopez de Medrano, Meersseman, Verjovsky and Bosio in [3, 4, 18] (see also [17, 22, 13] ) are toroidal and many of them admit complex affine structures. In [21] the authors prove that generic moment-angles manifolds are of algebraic dimension zero.
Consider the quotient of (C 2 \ {0}) × (C 2 \ {0}) by the C-action given by the one-parameter group e t 0 0 e αt , with α ∈ C \ R. This action is holomorphic, proper and free so the quotient is a complex manifold.
The embedding of S 3 as the unit sphere in C 2 shows that the quotient M is diffeomorphic to S 3 × S 3 . This complex structure on S 3 × S 3 fibers over P 1 (C) × P 1 (C). Now deform the previous C-action to an action of a one-parameter semisimple subgroup in GL(2, C) × GL(2, C). Then the corresponding complex structure on M is of algebraic dimension zero, as proved in [21] . Moreover, since the C-action is semi-simple, its centralizer in GL(2, C) × GL(2, C) is isomorphic to (C * ) 4 . This induces a holomorphic (C * ) 3 -action with an open dense orbit on the quotient M : a toroidal structure.
The characteristic subvariety S ⊂ M of a toroidal structure is the complement of the dense open orbit. If we write out vector fields { v a } spanning g, then S is precisely the set where
In particular, S ⊂ M is a closed complex hypersurface representing the anticanonical bundle of M . Consider the standard torus action
The standard torus action acts by affine transformations, and therefore on the bundle of frames of C n , which is identified equivariantly with the affine group, the standard torus action is free and proper. The standard torus action is therefore a rigid geometric structure in Gromov's sense (see d'Ambra, Gromov, p. 70, 5.12B). The coordinate hyperplanes through the origin constitute the characteristic subvariety of the standard torus action. In particular, the characteristic subvariety of the standard torus action is an immersed complex manifold.
Denote by G 0 . . = S 1 n ⊂ G the compact real form, by g the Lie algebra of G and by g 0 that of G 0 . For a complex manifold M with a toroidal structure, an adapted coordinate system near a point m 0 ∈ M is a holomorphic coordinate system
defined in an open neighborhood of m 0 , and a complex Lie group automorphism 
Let n = dim C M = p + q where q = dim C Gs 0 is the orbit dimension. We can reorder our Bochner coordinates to get
so that the elements of G s0 are diagonal matrices, with 1's in the last q entries, and some complex numbers in the first p entries.
Every orbit is
is the group of diagonal n × n matrices whose last q entries are 1's. But therefore M s0 and Gs 0 are both identified with the λ = 1-eigenspace of
is the span of
Take a basis of g
The vectors v µ (0) form a basis of T s0 Gs 0 , the tangent space to the G-orbit, so there are q linear independent commuting vector fields v µ , linearly independent at s 0 . Pick local coordinates so that
The projections of these into the y-coordinates give linearly independent commuting vector fields
Change the y-variables to arrange that these become
So the original vector fields are now
The condition that these commute is precisely
i.e. locally there are functions a i (y) so that
Therefore we make new coordinates by replacing x i by x i e −a i , and find that in our new coordinates, the action of G s0 0 is unchanged, while the action of g is given by the vector fields
Following the same steps, applied to the standard torus action, rather than the action on M , we find the same Lie algebra action and the same stabilizer action, near any point z 0 ∈ C n with p nonzero entries and q zero entries. Therefore the Lie algebra actions, and stabilizer actions, are locally isomorphic. Since the vector fields of the standard torus action constitute a holomorphic rigid geometric structure in Gromov's sense, the local isomorphism of the Lie algebra actions already ensures that the toroidal structure on M is a holomorphic rigid geometric structure. Proof. By the main theorem in [9] (see also [8] ) any holomorphic rigid geometric structure g on M is locally homogeneous on an open dense set (away from a nowhere dense analytic subset S), meaning that the Lie algebra of local holomorphic vector fields on M preserving g is transitive on an open dense set in M . Moreover, since M is simply connected, by a result due to Nomizu [19] and generalized by Amores [1] and then by Gromov [5] , these local vector fields preserving g extend to all of M to form a finite dimensional complex Lie algebra g of (globally defined) holomorphic vector fields v i acting with a dense open orbit in M and preserving g. Now put together g and the v i to form another rigid holomorphic geometric structure g = (g, v i ) (see [5] for details about the fact that the juxtaposition of a rigid geometric structure with another geometric structure is still a rigid geometric structure in Gromov's sense). Considering g instead of g and repeating the same proof as before, the complex Lie algebra g of those holomorphic vector fields preserving g acts with a dense open orbit in M . But preserving g means preserving both g and the v i . Hence g lies in the center of g. In particular g is a complex 
The proof is the same if we replace g by the extra rigid meromorphic geometric structure g on M which is the juxtaposition of g , with any meromorphic geometric structure globally defined on M . This implies that any meromorphic geometric structure on M is g-invariant.
Therefore all meromorphic vector fields on M belong to g. If a connected Lie group acts by bimeromorphisms, then its Lie algebra acts by meromorphic vector fields, so as a Lie subalgebra of g.
Define meromorphic 1-forms ω a on M by v ∈ e g in the biholomorphism group of M which takes m 0 to f (m 0 ), so we can write f = e v g, so that g(m 0 ) = m 0 for some bimeromorphism g of M . But then g is uniquely determined by its action on g, i.e. on the tangent space T m0 M , since it commutes with exponentiation of the vector fields, so we have a unique decomposition of the bimeromorphism group of M into a semidirect product G Γ where Γ ⊂ GL(g) = GL(T m0 M ) = GL(n, C) and G = e g . Notice that compactness of M is only required here in order to ensure completeness of vector fields in g.
Every meromorphic differential form on M is closed because it is g-invariant. In particular, all meromorphic 1-forms on M are closed, while only 0 is exact. The Albanese dimension of M is zero. The indefinite integral of any meromorphic 1-form over the simply connected manifold M is a meromorphic function on some covering space of the complement of the simple poles of the 1-form. Therefore every meromorphic 1-form has a simple pole on some component of S.
If this vanishes for some ω, for every γ, then ω integrates around each component of S to a meromorphic function. But then ω = 0. Therefore the pairing is nondegenerate. Define an injection γ ∈ ∆ → v γ ∈ g by ∆ ⊂ g. Then ∆ spans g over C. Therefore ∆ contains a complex basis of g, so the action of g drops to an action of (C * ) n . If some meromorphic 1-form integrates to zero around each analytic component of S, then its indefinite integral is meromorphic. So picking one γ ∈ ∆ around each analytic component of S, the associated v γ ∈ g already span g. Therefore the number of analytic components of S is at least n.
A b e l i a n g ro u p s p r e s e rv i n g h o l o m o r p h i c c o n n e c t i o n s
Suppose that M is a complex manifold and A is an abelian Lie algebra of holomorphic vector fields, acting with a dense open orbit (or equivalently, acting with an open orbit on every component of M ) and preserving a holomorphic connection ∇ on T M . In this section we will prove theorem 2 on page 2: that A also preserves a flat holomorphic affine connection. Every holomorphic affine connection induces a unique torsion-free affine connection with the same geodesics (see for instance [12] ). We assume that ∇ is torsion-free and that M is connected without loss of generality.
The complement of the open orbit is a complex hypersurface S ⊂ M , possibly singular, where the vector fields v ∈ A are not linearly independent, representing the anticanonical line bundle. If this hypersurface is empty, then in terms of any
is an invariant flat torsion-free connection. So we assume that S is not empty.
Lemma 1.
We make A into a commutative, perhaps nonassociative, algebra by
Proof. Take any basis { v a } ⊂ A. Then on M − S, these { v a } form a parallelism, so we can write 
Proof. If v ∈ I s0 and w ∈ A then clearly ∇ v w vanishes wherever v vanishes. In other words, I s0 ⊂ A is an ideal.
Lemma 3. Take an ideal I ⊂ A. For each point m ∈ M , let
There is a unique nowhere singular holomorphic foliation F I on M so that the tangent spaces of the leaves are (1) ω µ = 0 on T F and (2) ω ν (n ν ) = δ µ ν , where n ν . . = π •v ν is the associated parallel basis of the normal bundle of the foliation F . In particular, since these holomorphic linear equations specify the ω µ , these ω µ are holomorphic everywhere near s 0 .
Lemma 4. For any choice of basis
{ v a } ⊂ A, define meromorphic 1-forms ω a on M by ω a (ξ) . . = v 1 ∧ v 2 ∧ · · · ∧ v a−1 ∧ ξ ∧ v a+1 ∧ · · · ∧ v n v 1 ∧ v 2 ∧ · · · ∧ v n .
These are the dual 1-forms to our basis of

Lemma 5. For every nontrivial v ∈ A, the zero locus of v is a union of complex analytic irreducible components of S.
Proof. Pick some v ∈ A and some point s 0 ∈ S so that v(s 0 ) = 0. We can pick a basis { v i , v µ } ⊂ A as in the previous lemma, so that v is one of the v µ . By the Hartogs extension theorem, the associated ω µ as defined in the previous lemma are holomorphic on M except on certain hypersurfaces. These hypersurfaces lie inside S, because away from S all of the ω a are holomorphic. So these hypersurfaces form a union of certain complex analytic irreducible components of S not passing through s 0 . By the previous lemma, these hypersurfaces coincide with the zero locus of v = v µ . Therefore the zero locus of v is a union of complex analytic irreducible components of S not passing through s 0 . In particular, in the neighborhood of a vanishing point of v which is a smooth point of S, the zero locus of v is exactly S. Proof. In geodesic local coordinates of any connection, any Killing field of the connection is linearized; this a very classical result in the field, see for instance [10, p. 6 lemma 7]. Therefore every v ∈ I s0 vanishing at s 0 has nonzero linearization at s 0 or is v = 0. The commuting of all of the v ∈ A ensures that these linearizations commute. Write out a basis of these vector fields v ∈ I s0 , say as
The matrices C i commute and are linearly independent. The points of S near the origin in these coordinates are precisely the points where each v i vanishes, i.e. the points x where C i x = 0, for any one value of i. Since S is a complex hypersurface, the kernels of all of the C i must be the same complex hypersurface. Since the kernel of each C i is a hypersurface, and each C i is a square matrix, each C i has 1-dimensional image, so this image is an eigenspace of C i . Each C i preserves the eigenspaces of the others, so they all share the same eigenvectors. Hence all of the C i are scalar multiples of one another. If there is more than one of these C i matrices, then they are not linearly independent. Proof. Take a maximal collection { v i } ⊂ A of nonzero vector fields, so that each vanishes on a different locus from any of the others. Since the ideal generated by each element v i is principal,
We calculate the curvature R along any leaf of any F I at a point of M − S: Proof. Since the leaves of F I are totally geodesic and flat and the vectors v µ preserve ∇, then (w i , v µ ) is a local frame of commuting vector fields. By construction this local frame is parallel with respect to ∇ . Hence, in adapted local holomorphic coordinates, ∇ is the standard torsion free flat affine connection. If we change the choice of w i , we do so only by constant coefficient linear combinations, so ∇ is unchanged.
Notice that ∇ and ∇ agree on the leaves of F I . The transverse vector fields v µ are parallel with respect to ∇ ; this is not necessarily the case with respect to ∇.
Since the foliation F I is holomorphic and nonsingular, ∇ is holomorphic on all of M . Moreover, ∇ is A-invariant by construction (since everything in the definition of ∇ is).
Proposition 2 and Theorem 2 imply that M admits a complex affine structure. If M is simply connected, a developping map of the complex affine structure is a local biholomorphism from M to the complex affine space of the same dimension. But the compactness of M implies that any such holomorphic map must be constant: a contradiction. This finishes the proof of Theorem 1. As in the real Riemannian and pseudo-Riemannian settings, any holomorphic Riemannian metric q on M determines a unique torsion free holomorphic affine connection with respect to which q is a parallel tensor. Starting with this Levi-Civita connection one computes the curvature tensor of q. Recall that q is called flat if its curvature tensor vanishes everywhere. In this case q is locally isomorphic to dz A classical result due to Gauss asserts that all conformal structures on surfaces are locally isomorphic to the two-dimensional quadric.
Any manifold M of complex dimension n ≥ 3 bearing a flat holomorphic conformal structure (meaning that the Weyl tensor of curvature vanishes on all of M ) is locally modelled on the quadric.
Recall that Kobayashi and Ochiai classified in [16] the complex compact surfaces locally modelled on the quadric. More recently, Jahnke and Radloff classified projective compact complex threefolds bearing holomorphic conformal structures [14] and also projective compact complex manifolds locally modelled on the quadric [15] .
We prove here the following result:
Theorem 3. No compact complex manifold with finite fundamental group and algebraic dimension zero admits a holomorphic conformal structure.
Proof. For surfaces, the result is a direct consequence of the classification given in [16] .
We suppose now that our manifold M is of complex dimension at least 3. Then the holomorphic conformal structure is a rigid geometric structure [5] .
Up to a finite cover, we can assume that M is simply connected and, as a consequence of Proposition 2, M is toroidal. On the open dense orbit U of the toroidal group the holomorphic tangent bundle of M is trivial. In particular, its canonical bundle is trivial and hence the holomorphic conformal structure admits a global representative on U which is a holomorphic Riemannian metric q.
Denote by v 1 , v 2 , . . . v n the fundamental vector fields of the toroidal action. Since both the conformal structure and the holomorphic section v 1 ∧ v 2 ∧ . . . ∧ v n of the canonical bundle are invariant by the toroidal action, it follows that the holomorphic Riemannian metric q is invariant by the toroidal action. But a holomorphic Riemannian metric invariant by a transitive action of an abelian group is flat. In particular, the conformal structure is flat on U and hence on all of M .
If follows that M is locally modelled on the quadric. Since M is simply connected, the developing map of the flat conformal structure is a local biholomorphism from M into the quadric. This is impossible since the quadric is an algebraic manifold and M has algebraic dimension zero.
C o n c l u s i o n
We conjecture that any compact complex manifold with finite fundamental group bearing a holomorphic Cartan geometry is biholomorphic to the model. In particular, this implies that compact complex manifolds bearing holomorphic affine connections have infinite fundamental group. The result is known for Kähler manifolds [12] . Above we prove this fact for manifolds with algebraic dimension zero.
The conjecture is also open and interesting for the particular case of holomorphic projective connections. Our approach here could still work for manifolds with algebraic dimension zero endowed with holomorphic projective connections, if we knew how to prove an equivalent of Theorem 2 on page 2 for projective connections. It seems likely that any holomorphic projective connection invariant under an abelian Lie algebra action with a dense open orbit and preserving no holomorphic affine connection is flat, implying an analogue of Theorem 2 for projective connections.
R e f e r e n c e s
